Abstract: We consider candidates for dark matter in models of gauge mediated supersymmetry breaking, in which the supersymmetry breaking sector is weakly coupled and calculable. Such models typically contain classically flat directions, that receive one-loop masses of a few TeV. These pseudo-flat directions provide a new mechanism to account for the cold dark matter relic abundance. We discuss also the possibility of heavy gravitino dark matter in such models.
Introduction
In theories of gauge mediated supersymmetry breaking [1] , the gravitino LSP is light (with mass in the eV to GeV range), due to the low scale of supersymmetry breaking. This leaves a narrow window to realize the gravitino dark matter (the so called sweet spot of O(1) GeV [2] ) and therefore poses the problem of identifying alternative possibilities for cold dark matter.
A successful strategy assumes that the supersymmetry breaking sector is strongly coupled and hidden sector baryons or mesons, of mass larger than the TeV scale, provide the cold dark matter [3] . On the other hand, recently a lot of attention has been devoted to the study of supersymmetry breaking sectors which are weakly coupled and calculable, following the seminal work of ISS [4] . In this kind of models there is no strong dynamics that can lead to a composite hidden sector hadron responsible for the cold dark matter; hence the necessity to look for alternative weakly coupled candidates for cold dark matter.
In our previous work [5] , we suggested a new possibility for dark matter in this context. For the specific model analyzed in [5] , the lifetime of the suggested dark matter candidates turns out to be too short. In this paper we will investigate this possibility in a general setup. The idea is the following. Consider a weakly coupled supersymmetry breaking sector, characterized by a supersymmetric mass scale M and an F-term F . We denote the supersymmetry breaking scale by Λ = F/M . The MSSM soft masses
are generated at one loop through the messenger interactions. In such weakly coupled models, there are typically pseudo-flat directions (also denoted as pseudo-moduli). These are classically flat directions, that receive mass at one-loop upon supersymmetry breaking
where α h = h 2 /4π is some small Yukawa interaction in the hidden sector and we denote by L such light fields. Now, these fields may be stable or cosmologically long lived (lifetime > 10 26 sec), with masses typically in the range of a few TeV and they generate a relic density abundance roughly given by Ωh 2 ≃ 10 −10 GeV −2 σ|v| .
They may provide therefore the correct dark matter relic abundance Ωh 2 ∼ 0.1, depending on their (velocity averaged) total annihilation cross section σ|v| . The limit on the cross section for them to be not over-abundant is then σ|v| 10 −9 − 10 −10 GeV −2 .
In this paper, we discuss the annihilation cross sections of the light fields coming from the pseudo-flat directions and show that in some cases they can be viable cold dark matter candidates, namely:
• If the light fields are charged under the SM gauge group, and their mass is around a TeV, then the standard WIMP mechanism is at work.
• If they are singlets under the SM gauge group, then they can produce a correct relic abundance in several cases. In the case in which the messenger scale M in the gauge mediation scenario is below
where N m is the number of messengers, then the annihilation cross section is into the MSSM Higgs through a messenger loop, assuming that the messenger fields couple to the MSSM Higgs through O(1) Yukawa couplings.
• In the case in which the light fields are charged under a hidden sector gauge boson, the gauge boson mass needs to be lighter than the light field L, which is around 1 TeV, in particular it accomodates the possibility of a GeV gauge boson, recently discussed in [6] .
The paper is organized as follows. We will first discuss the possibility of dark matter in weakly coupled hidden sectors in generality in section 2. We will present the mechanism of generating dark matter from the hidden pseudo-flat directions and briefly discuss also the heavy gravitino and pseudo-Goldstone boson relic abundance in such models. In section 3 we will discuss the viability of a heavy gravitino in the specific example of direct gauge mediation of supersymmetry breaking from a metastable hidden sector proposed in [7] and analyzed in [5] .
Note added: while we were preparing the manuscript, a pre-print appeared [8] , which has some overlap with section 2 of this paper.
Weakly Coupled SUSY Breaking Sectors
We work in the framework of general gauge mediation [9] , in which there are two isolated sectors, the MSSM and the dynamical supersymmetry breaking (DSB) sector, which are coupled by the SM gauge interactions and Yukawa couplings to the Higgs. The DSB sector is characterized by two scales, the mass scale M , and the SUSY breaking scale √ F which controls the boson-fermion mass splittings.
√ F is therefore necessarily smaller than M to avoid tachyons. As in the ISS example [4] , the DSB sector is effectively weakly coupled, in the appropriate Seiberg dual description. In the following it will be convenient to use the soft SUSY breaking scale Λ ≡ F M as a parameterization for the SUSY breaking effects instead of √ F . We will keep the discussion at a general level.
Spectrum and Scales
The field content of a weakly coupled supersymmetry breaking sector can be generically parameterized according to the following scheme. Assume that we already expanded the classical fields around the supersymmetry breaking vacuum and let us discuss the spectrum, namely their fluctuations around such vacuum, which includes:
• The Goldstino superfield X, whose F X auxiliary field gets an expectation value and breaks spontaneously supersymmetry.
• Heavy fields H i with tree-level superpotential masses of the order M . These include the messenger fields, that couple to the F-term and transmit the supersymmetry breaking to the MSSM.
• Light fields L i , which are massless at tree-level, and obtain masses due to SUSY breaking effects. The scalar components L i of such chiral superfields are usually referred to as pseudo-flat directions or pseudo-moduli. Together with their fermionic superpartners ψ L i , they acquire masses proportional to the SUSY breaking scale
where α h = h 2 /4π is a loop factor and h ∼ O(1) is a hidden sector Yukawa coupling and N m is the effective number of messengers, defined in [10] as the ratio between the gaugino and the scalar SUSY breaking scales Λ 2 1/2 /Λ 2 0 . Note that the mass of the fermionic superpartners of the pseudo-flat direction could be further suppressed by a factor ǫ related to the amount of R-symmetry breaking (in ISS [4] e.g. the accidental R-symmetry sets ǫ = 0). We will consider the case of large R-symmetry breaking ǫ ∼ 1 in the following discussion. The light fields that are either cosmologically long lived (lifetime τ > 10 26 s) or stable (protected by some hidden global symmetry) have some relic abundance, that we will estimate below. These are our main new players.
• Massless Goldstone bosons (GB), φ GB , and axions, a, for broken global symmetries, are expected to obtain a small mass due to explicit symmetry breaking higherdimensional operators. These operators will be suppressed by some higher scale in the theory -a cutoff of the theory, usually taken to be M GU T . In the case in which they are long lived or stable, we need to make sure that their relic abundance does not overclose the universe.
• A Gravitino (G), which obtains a mass proportional to the vacuum energy
It might be stable, if R-parity is exact, or long lived, if R-parity is broken. We discuss the scenario in which a heavy gravitino is the dark matter in section 2.4.
• Finally, there might be gauge bosons, carriers of some higgsed dark force, that get a mass proportional to the symmetry breaking VEV times the hidden sector gauge coupling. We assume that the DSB is weakly interacting therefore the gauge couplings must be small. The VEVs can be related to several mass scales. The VEV, v, can be determined by tree-level dynamics, in which case one would expect the scale to be of order hM , where h is some factor which controls the tree-level interactions and the dark boson mass is
Another option is an effective FI term which is the result of a mixing between a U (1) ′ gauge group in the DSB sector and a gauge group in another sector which obtained a non-zero D-term. Finally, there might be an additional scale responsible for the higgsing of a gauge boson, with mass at or below the light fields mass.
Let us discuss the bounds on the hidden sector scales. The standard constraint can be obtained from the LEP bound on the Higgs mass 10 TeV Λ 100 TeV. Another lower bound can be obtained from the bounds on the neutralino mass. The soft MSSM gaugino masses arise by integrating out the supersymmetry breaking sector at one loop in the MSSM couplings according to
From the bound on the lightest neutralino mχ0 1 50 GeV, we obtain a bound on the soft SUSY breaking scale
where N m is the number of messengers. Combined with requirement of no tachyonic scalar messengers √ F M we get a lower bound on the messenger scale Let us estimate the mass of the light fields parameterizing the pseudo-flat directions. Since their mass is generated upon SUSY breaking, by integrating out at one-loop the messenger fields, the dimensionful parameter Λ entering (2.1) is the same as the one appearing in the soft MSSM masses (2.4). It follows from (2.5) that for O(1) hidden Yukawa couplings, the masses of the light fields are
Interactions
To estimate the relic abundance of the long lived or stable species, we need to know the interactions among the fields we described in the previous section. We now classify the relevant interactions in a weakly coupled supersymmetry breaking sector, for which we take the Kahler potential to be approximately canonical. As before, we consider the interactions among the fluctuating fields around the supersymmetry breaking vacuum.
• Tree-level renormalizable F-term interactions
We will consider the following terms in the superpotential
This set of possible terms is dictated by the assumption the the fields L i are massless at tree-level. Although Yukawa interactions of the kind y ijk L i L j L k are non-generic, they would generate some tree-level cross section in the hidden sector, that could be large enough to give the correct relic abundance. Generically the Yukawa's are of O(1) and the masses of heavy fields are of order M , the hidden sector supersymmetric scale. The linear coupling is proportional to the F-term.
• Higgs couplings
In weakly coupled models, the simplest possibility that we consider is to require a coupling of the messenger fields (with appropriate SM quantum numbers) to the MSSM Higgs h u and h d
Such couplings will be crucial to obtain the correct annihilation cross sections.
• Gauge interactions
Assuming that the DSB sector does not introduce additional weakly interacting massless gauge bosons, we assume that all the additional gauge symmetries are Higgsed.
Particles charged under the MSSM gauge group will also interact via MSSM gauge bosons.
• Goldstone boson interactions
The Goldstone bosons have a derivative coupling to the conserved current of the broken symmetry. The interaction will be suppressed by the symmetry breaking VEV.
Dark Matter and Pseudo-flat Directions
The abundance of a cold relic is determined mainly by its annihilation cross section into particles in the thermal bath. For particles with S-wave annihilation, it is given by [11] Ωh 2 ≃ 10 −10 GeV −2 σ|v|
where σ|v| is the annihilation cross section, x f is the mass of the particle divided by the freeze-out temperature (for cold relics it is usually in the range x f ∼ 20 − 50) and g * is the number of relativistic degrees of freedom at freeze-out (where the MSSM contributes g * ∼ 200). Taking into account the additional degrees of freedom in the DSB sector, we get
The following discussion is based on dimensional analysis which will be correct up to O(1) − O(10) parameters, so from now on we arbitrarily assume x f = 25, and
Note that for P -wave annihilation, the relic density is multiplied by a factor of 2x f . The requirement that dark matter is not over-abundant can now be translated to
Note that while a stable particle with larger cross sections is harmless (although it does not solve the dark matter problem), smaller cross sections mean over abundance. We will first present the relic abundance computation of the pseudo-flat directions. We will then discuss the case of dark matter in the form of a heavy gravitino. In the last part we will briefly address the question of the cosmological constraints on the GB's.
We need to distinguish two main frameworks, namely the annihilation into MSSM particles and the annihilation into hidden sector particles. The two cases may be combined, in which case we just pick the largest cross section. The correct relic abundance can be achieved also through non-thermal production, however we will not consider this possibility here.
Annihilation into MSSM
Let us evaluate the annihilation cross section of the light fields, namely the pseudo-flat directions that obtain masses at one-loop, to the MSSM. This is very different, depending on whether the light fields are charged or not under the MSSM gauge group.
MSSM-Charged Fields If they are charged, then the leading interaction with the MSSM is at tree-level and the annihilation diagram is as seen in fig 1(a) , where the internal line is the light particle. The cross section is given by
Therefore a particle of mass ∼ 1 TeV satisfies the condition (2.12), and we can get a viable dark matter candidate -a WIMP. Note that larger masses will lead to over-abundance.
Singlet Fields
If the pseudo-flat directions L are neutral under the MSSM gauge group, the process involves a messenger loop. The reason is that the internal lines in the diagrams 1(b) and (c) must contain at least two heavy fields due to the assumption, below (2.9), that there are no Yukawa couplings between the light fields. Let us consider the leading effective operators. We have two different possibilities: annihilation into MSSM Higgs h, or annihilation into MSSM gauginos. The annihilation into Higgs occurs through the effective operators 14) where ψ h are higgsinos and α λ = λ 2 /4π depends on the messenger couplings to the Higgs (2.10) and we can generically take the Yukawa couplings λ ∼ O(1). Under the assumption that the DSB sector is calculable, α h should be a small number 1/10. The annihilation cross section of light fermions ψ L into Higgs, through a messenger loop, is given by 15) where N m is the number of messengers and c G is a group theory factor, depending on the representations of the messenger fields. The over-abundance constraint on the cross section (2.12) leads to the following bound on the messenger masses
and we see that, in the scenario in which the messengers are light enough, the superpartners of the pseudo-flat directions ψ L can provide the required dark matter relic abundance. For the light scalars L annihilating into MSSM higgsinos ψ h , the situation is the following. While the last operator in (2.14) provides a cross section of the same order as (2.15), we cannot compute the finite contribution to the cross section coming from the second operator in (2.14), because it is divergent and it requires a UV completion. In any case, the same bound as (2.15) holds. The annihilation to MSSM gauginos λ occurs through effective operators
The effective operators including the gauge bosons are further suppressed and we did not list them. For the light scalars L, the annihilation into gauginos leads to a reasonable cross section
which leads to the same bound as (2.16). However, the annihilation of their superpartners ψ L into gauginos is a dimension six operator and the corresponding cross section
is too small, because of the further suppression factor of
Hence, the annihilation into MSSM gauginos alone would lead to overabundance and, in order to have a good relic abundance, we must require the annihilation into the MSSM Higgs through the couplings (2.10).
Annihilation inside the Hidden Sector
Let us evaluate the largest contribution to the cross section coming from the interactions taking place in the hidden sector. Note that we need to keep the messengers from reheating, or this would lead to messenger overabundance [3] , so we assume that the reheating temperature is below the messenger scale T R < M . We only need to estimate the cross section for the annihilation of the light fields coming from the pseudo-flat directions into the other light hidden sector fields.
Hidden gauge bosons
The hidden sector might contain Higgsed gauge bosons with mass m D and strength
. If the light fields L i are charged under this gauge symmetry, they can annihilate into gauge bosons via tree-level diagrams such as diagram (a) in Fig.2 . The annihilation cross section will be
The parameters can easily be set to satisfy the relic abundance condition (2.12), e.g.
Note, however, that the dark gauge boson mass needs to be lower than the light field mass m D m L for this scenario to be realized. Hence, either the gauge symmetry is higgsed by the heavy fields of mass M at one loop level, or we need to introduce a new scale in the problem that independently sets a light mass for the dark gauge bosons.
Hidden Yukawas
Let us look at the Yukawa interactions between light and heavy fields. If we allow for several light fields L i , the LLH interaction would produce a tree-level cross section suppressed by the heavy fields, which would be too small. On the other hand, it would also produce one loop annihilation of scalar light fields LL → LL, which is log divergent. Hence, we cannot say anything about this cross section, but one needs to rely on the UV completion of the theory to evaluate it. On the other hand, note that an LLL superpotential interaction, with different species of light fields whose lowest one is stable, would lead to an appropriately large cross section, providing a good dark matter relic abundance. A mechanism of this kind has been recently discussed in [12] . 1 Hidden GB If the light fields are charged under a spontaneously broken global symmetry, they can annihilate into pseudo-Goldstone bosons. The interaction of the PGB with the Noether current is via a derivative coupling suppressed by v, the symmetry breaking VEV. The annihilation cross sections are given by
Assuming that v is of the order of the messenger scale M , this is much smaller than the cross sections into MSSM (2.18) and (2.19).
Heavy gravitino
In standard gauge mediation scenarios with low energy supersymmetry breaking scale, even if the gravitino mass is larger than O(10) eV, its relic abundance can be made negligible. In these cases, the cold dark matter is necessarily a stable particle coming from an additional sector, and in the previous section we provided a new mechanism to generate such cold dark matter.
On the other hand, in the region of parameter space where SUSY is broken at high energy, but still in the framework of gauge mediation, the gravitino might provide a dark matter candidate as well [2] . We can easily derive a FCNC upper bound on the gravitino mass in gauge mediation scenario, from the requirement that the gravity contribution to the MSSM soft masses is less than a per mille of the gauge mediation contribution. This leads to the requirement that m 3/2 20 GeV. Gravitino dark matter in the GeV range poses a serious cosmological challenge, due to the problems caused by the long-lived NLSP decay with the standard BBN scenario. Nonetheless, there are certain models of gravitino dark matter with mass of O(1) GeV, which can be consistently accomodated in gauge mediation and avoid cosmological problems [2, 13] . We will see in the next section that this value of the gravitino mass can be consistently accomodated into our specific example of direct gauge mediation.
Pseudo-Goldstone bosons
As discussed in section 2.1, the DSB sector might contain Goldstone bosons. Though they are massless in the limit of exact global symmetry, their mass will be generated by higher dimensional operators suppressed by the cutoff of the theory, hence we will refer to them as Pseudo-Goldstone bosons (PGB). The phenomenological implications of such particles require knowledge of these mass terms, which depend on the details of the UV completion. On the other hand, the PGB has derivative couplings to the Noether current, suppressed by the symmetry breaking VEV, which, in the context of our discussion, is of the order of the messenger scale M . This fact will be used in this section in order to obtain some insight on the phenomenology of the PGB.
If the PGB freeze-out happens after nucleosynthesis, it would contribute to the effective number of relativistic degrees of freedom, g * , which controls the rate of expansion of the universe. The predictions of BBN are sensitive to this number, and the experimental constraints can accommodate at most one PGB. If there are more than one, we must make sure that they froze out at higher temperatures T f , because their contribution to g * will then be suppressed by (T BBN /T f ) 4 , where T BBN is around 1 MeV. Fortunately, an early freeze-out of the Goldstone boson is a very reasonable possibility due to the fact that the PGB interactions are suppressed by the symmetry breaking VEV, which, as mentioned above, is about the messenger scale M .
If the PGB is stable, we have to find out whether the freeze-out occurred while in the relativistic regime or not, or in other words whether it constitutes a hot or cold relic. Since we do not know the exact mass of the PGB, we will discuss both possibilities. If the PGB is a hot relic, its contribution to the matter density of the universe depends mainly on its mass and on the effective number of relativistic degrees of freedom at the moment of freeze-out. The over-abundance constraint can be translated into a bound on the PGB mass [11] :
The possibility of hot dark matter leads to a tension with structure formation which will not be discussed here. The option of the PGB as a cold relic is more problematic, as the annihilation cross section is suppressed by four powers of the VEV, which will generally lead to overabundance. We conclude that the early freeze-out required by nucleosynthesis is easily satisfied for a Goldstone boson in the DSB sector. In order to avoid over abundance we require the Goldstone boson to be a light hot relic. 2 
A Metastable SUSY breaking sector
In this section we will study a concrete example of a weakly coupled supersymmetry breaking sector, and discuss the possibility of realizing a heavy gravitino of O(1) GeV, while simultaneously producing a good MSSM spectrum. This model was suggested in [7] as an R-symmetry breaking deformation of the meta-stable SUSY breaking model of ISS [4] . The phenomenology of this model has been worked out in [5] , to which we refer the reader for further details.
Visible DSB sector and direct mediation
Consider an SU (N ) gauge theory with global SU (N ) × SU (N f − N ) × U (1) B and matter content
2 The model discussed in [14] contains a cold PGB with mass of around a TeV. The cross section required for the correct relic abundance is obtained by an annihilation process in which the PGB plays a role of a narrow resonance.
The superpotential is given by 2) where the last term is crucial for breaking explicitly the global symmetry and the Rsymmetry of the original ISS model. The theory admits a non-perturbative SUSY vacuum for large values of the fields, the SUSY breaking metastable vacuum of ISS, and several other SUSY breaking vacua, which will not be discussed here. In our previous discussion of the model [5] we assumed that the universe is in the ISS vacuum, and chose N f = 6, N = 1, in which case the hidden gauge group is trivial. This construction was used for a direct mediation model, as the gauge group of the standard model was embedded in the SU (N F − N ) F flavor group. A detailed discussion of the phenomenology led to the following conclusions:
• The tension between the longevity of the metastable vacuum and the ratio between gaugino and scalar mass, which appears in the ISS model, is removed thanks to the introduction of the R-symmetry breaking term m Z which controls the gaugino mass. By varying this parameter, the model can interpolate between an effective number of messengers ranging from 0 < N m < 2. The price we pay for this solution is that our superpotential is not generic.
• The pseudo-flat directionΦ, that transforms in the adjoint representation of the GUT SU (5), obtains a mass at the order of 1-10 TeV due to SUSY breaking effect, and is one example of the light fields in (2.8). It is therefore potentially detectable in the LHC. Due to its fast decay into gauge bosons and gravitini, it is not suitable to be a dark matter candidate.
• Assuming a scenario of cold dark matter, we restricted the model to a low SUSY breaking scale, which leads to a light gravitino m 3/2 < 10 eV. This in turn pushed us to a corner in parameter space where the messengers are relatively light (near the tachyonic window), and the scalar masses are low. Such a light gravitino is safe from the cosmological point of view, but we need to provide a different dark matter candidate.
• Due to the additional particles in the DSB sector which are charged under the MSSM, the gauge couplings of the MSSM reach a Landau pole at a scale above the UV cutoff of the theory but below the GUT scale. A solution to this problem was proposed in terms of a duality cascade [5] (see also [15, 16] ).
Hidden DSB sector
In the vacuum where χ = χ = hm, the theory has a SU (N ) D × SU (N f − N ) × U (1) ′ global symmetry. In the metastable vacuum, the baryon symmetry U (1) B is broken and there is a messenger U (1) ′ symmetry with charges R(ρ) = R(Z) = −R(ρ) = −R(Z) = 1.
A messenger parity is also present, namely a Z 2 symmetry combined with the charge conjugation in the hidden sector, that acts as follows in four-component spinor notation:
namely (ψ ρ , ψ Z ) ↔ (ψρ, ψZ ). Under this symmetry the MSSM gauge vector superfield and the pseudo-flat direction are odd
where χ − = χ −χ, which allows the decay of (χ − , Ψ χ − ) into MSSM particles. Moreover, at one loop an F-term for Y is generated, so that the Goldstino is a mixture of ψΦ and ψ Y [17] .
Messenger over abundance
The messengers in the KOO model are a linear combination of the ρ,ρ and Z,Z fields. They are the only fields charged under U (1) ′ , and are therefore stable. Stable messengers may be problematic because of their over abundance [3] . One way to avoid this problem is to consider higher order corrections which would break the U (1) ′ messenger symmetry. In the case of the KOO model, this higher dimension operators are going to be generated at the magnetic cutoff scale or at the GUT scale. Another option is to simply assume that the reheating temperature is below the messenger scale.
Heavy gravitino
The constraints on the SUSY breaking scale which were quoted in the early discussion of the model (m 3/2 < 10 eV in [5] ), were obtained under the assumption that the gravitino plays no role in the cosmology of the model [18] . In the following we investigate the implications of high scale SUSY breaking in direct mediation models in the specific example of (3.2). 3 The main additional constraint comes from
• Constraints on the parameter space from tachyonic messengers
In the previous discussion, the combined assumptions of a light gravitino ( √ F < 10 5 GeV) with the requirement of a viable spectrum (Λ ≈ F M > 10 5 GeV) and nontachyonic messengers ( F M 2 < 1) pushed us to a very narrow window in parameter space, and required a tuning between the SUSY breaking scale and the messenger scale. This tension is now reduced when considering high SUSY breaking scale.
• Longevity In the KOO model the longevity of the metastable vacuum is controlled by the small parameter µ m . This ratio is constrained by the requirement of a fixed value 3 We would like to thank S. Pokorski for raising this question. • Gauge coupling at the messengers scale Another constraint comes from the contribution of the DSB sector to the runnning of the MSSM gauge coupling. Even if we assume that the problem of Landau poles is solved by some additional mechanism between the cutoff of the magnetic theory and the GUT scale, such as a duality cascade, the gauge mediation scenario requires the gauge couplings to be perturbative at the messenger scale for the the soft terms to be calculable. Using the 1-loop order β functions, the requirement α s 1/4 at the messenger scale can be translated to the following bound: This condition is weaker than the ones obtained from BBN [1] Generally speaking, these considerations must be taken into account in direct mediation models when there are charged particles in the intermediate scale.
An example for a viable set of parameters with m 3/2 ∼ 1 Gev is presented in Table 3 .4. The spectrum has been obtained by running the boundary conditions using the modified versions of the SoftSUSY2.0 program [19] that was developed in [5] . We have thus demonstrated that the scenario of heavy gravitino dark matter is consistent with the possibility of direct mediation of metastable SUSY breaking. Nonetheless, it still suffers from the requirement of fine tuning between the reheating temperature and the SUSY breaking scale. center of excellence, by the Deutsch-Israelische Projektkooperation (DIP), by the US-Israel Binational Science Foundation (BSF), and by the German-Israeli Foundation (GIF).
